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Gravitational waves can be focused by the gravity of an intervening galaxy, just like light,
thereby magnifying binary merging events in the far Universe1. High magnification by
galaxies is found to be responsible for the brightest sources detected in sky surveys2–4, but
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the low angular resolution of LIGO/Virgo is insufficient to check this lensing possibility di-
rectly. Here we find that the first six binary black hole (BBH) merging events reported by
LIGO/Virgo5 show clear evidence for lensing in the plane of observed mass and source dis-
tance. The four highest mass events follow an apparent locus in this plane, which we can
reproduce by galaxy lensing, where the higher the magnification, the generally more dis-
tant the source so the wave train is stretched more by the Universal expansion, by factors of
2− 4. This revises the reported BBH distances upwards by an order of magnitude, equal to
the square root of the magnification. Furthermore, the reported black hole masses must be
decreased by 2 − 4 to counter the larger stretch factor, since the orbital frequency is used
to determine the black hole masses. This lowers the masses to 5 − 15M, well below the
puzzlingly high values of 20 − 35M otherwise estimated6, with the attraction of finding
agreement in mass with black holes orbiting stars in our own Galaxy7, thereby implying a
stellar origin for the low frequency events in the far Universe. We also show that the other
two BBH events of higher frequency detected by LIGO/Virgo, lie well below the lensing lo-
cus, consistent with being nearby and unlensed. If this apparent division between local and
distant lensed events is reinforced by additional new detections then the spins and masses of
stellar black holes can be compared over a timespan of 10 billion years by LIGO/Virgo.
Prior to the first LIGO detection6, merging binary black holes (BBH) chirp masses of 5 −
15M were anticipated, bracketing the range of the established black holes seen orbiting stars
within our Galaxy, and consistent with prior predictions of binary star evolution of solar metallicity8.
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∗ Instead, four of the six BBH events now detected by LIGO/Virgo have black hole masses reported
in the range 20 − 35M, that may arise preferentially from metal poor stellar binary progeni-
tors 9 with minimal mass loss by stellar winds 10. Since such binaries are hypothetical, specu-
lation regarding primordial black holes of 30M, has been revived that can qualify as cold dark
matter11, 12. However, this interpretation is directly unsupported by the observed high degree of mi-
crolensing observed through large dark matter columns in galaxy clusters13–16, and is disfavoured
dynamically17–19 and by a lack of accreting gas20, 21.
Lensing offers a solution with lower black hole masses and substantially higher redshifts.
Firstly it is important to appreciate that the redshift of BBH events cannot be derived directly
from the inspiral wave frequencies because cosmological stretching of the wave train by (1 + z)
is exactly compensated by reducing the source frame chirp mass, Mchirp, by the same factor22. In
terms of the observed “chirp mass”, MChirp(z), in the detector frame this means:
MChirp(z) = (1 + z)MChirp = (1 + z)
(m1m2)
3/5
(m1 +m2)1/5
(1)
where m1, and m2 are rest frame masses, so: MChirp(z) = (1 + z)MChirp(0). Because gravitation
is scale free, GWs from a local binary with masses (m1,m2) are indistinguishable by frequency
dependence from distant masses ( m1
1+z
, m2
1+z
). The cosmological time dilation ensures that the wave-
forms are shifted by precisely the necessary amount to preserve the chirp frequency profile.
∗The chirp mass of a BBH is derived from the combination of the two individual masses in such a way that when
the individual masses are comparable, the chirp mass is also comparable but when one of the masses is much lighter,
the chirp mass of the BBH is closer to the lighter mass component.
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The distances published for the LIGO/Virgo events are instead obtained by comparing the
observed GW signal strength to the intrinsic strength predicted by General Relativity as a function
of MChirp(z) (m1,m2), where the measured strain h(t), is inversely proportional to the luminosity
distance DL allowing an indirect estimate of the redshift, zind, to be inferred:
DL(zind) =
M
5/6
chirp(z)
h(t))
F (t,Mobs,Θ) =
dL√
µ
(2)
where F (t,Mobs,Θ) combines the angular sky sensitivity, orbital inclination, spin and polarization
of the binary source and its distribution is numerically estimated with a ' 40% dispersion6, 23.
The co-alignment of the LIGO interferometers means the polarization is uncertain, resulting in
large errors in the inferred luminosity distance, DL (Figure 1)6, but this will improve for sources
detectable by more interferometers. A gravitational wave source at true luminosity distance dL
which is gravitationally lensed with magnification will µ has its observed strain h(t) a factor of
√
µ
larger and the source will be inferred to be that much closer. The possibility of magnification, µ,
has not been considered in the published mass and distance estimates, with the implicit assumption
made that µ = 1, perhaps because lensing is rare for a randomly sampled event with optical depths
of only ≈ 5 × 10−5 for µ = 10 at z ≈ 1 calculated for strongly lensed sources magnified by
intervening galaxies24†. However, BBH events can currently be detected by LIGO/Virgo to only
modest redshift, z ' 0.15, for 10M, whereas gravitational lensing accesses a much larger volume.
This is particularly true for compact sources which can by highly magnified near lensing caustics,
permitting detection to z ' 2 (as we show below), thereby compensating for the low optical
depth with an enhanced volume ratio of ' 1000. This is further enhanced by BBH evolution
†Our lensing kernel predicts a slightly larger value of 7× 10−5 for µ = 10 at z = 1
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linked to cosmic star formation, which peaks at z ' 2 with an order of magnitude or more rate
enhancement25, so a significant presence of lensed events should not be surprising.
The lensing enhancement of the GW signal strength, h(t) ∝ √µ, means the inferred lumi-
nosity distance, DL(inferred) underestimates the real source distance, dL by the square root of
the magnification23, 32: DL = dL/
√
µ. For example, a lensed source at zs = 2.0 will be assigned a
low redshift of zinferred = 0.15 when magnified by a factor of ' 200, and hence an intrinsic chirp
mass of 10M is overestimated by a factor of 3.0/1.15, becoming Mchirp(z) ' 30M, similar
to the puzzlingly high chirp mass events of low frequency detected by LIGO/Virgo. Such high
magnifications are not unusual for compact like AGN26 and lensed high redshift stars discovered
recently, for which magnifications exceeding 103 are found13, 15, 16. The region of intense GW emis-
sion detected by LIGO/Virgo is tiny, < 103km, and hence this can lie very close in projection to a
lensing caustic, receiving high magnification.
In Figure 1 we plot the chirp masses and distances inferred by LIGO/Virgo assuming no lens
magnification for the six BBH detections, with a surprising result that the four lowest frequency
(high mass) events follow a surprising trend of increasing chirp mass with decreasing distance,
whereas the two relatively low mass events of Mchirp = 8 − 9M lie well off this apparent locus,
falling in the mass range of black holes in our Galaxy. This behaviour is more puzzling when
considering just how much further away the high chirp mass events could have been detected
given their measured signal strength. In particular, the two largest chirp mass events lie within just
the closest 8% and 16% of their maximum available volumes. The opposite behaviour should be
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expected given the expected strong evolution, so that most events should lie at the upper end of
their detectable volumes, near the detection threshold, with a mean V/Vmax ' 0.727.
We now populate Figure 1 with events predicted by lensing due to the intervening galaxy
population, together with the distribution of unlensed events for various illustrative choices of
BBH mass function and event rate evolution. The prediction follows the well understood optical
depth that is dominated by galaxy lensing (not clusters28) that accounts for the recent Herschel
satellite detection of large samples of lensed high redshift star forming galaxies2–4. Micro-lensing
can be neglected as the wavelengths emitted are so long that stars within galaxies are too small to
act as deflectors29. The form of the high magnification relation, P (> µ) ∝ µ−2, is strictly set by
the universal caustic relation, and has been found to be precisely followed with ray tracing through
large cosmological simulations30, 31. We include the frequency sensitivity of LIGO which rapidly
raises at low frequency making chirp masses higher than ' 35M hard to detect.
This well defined calculation of optical depth as a function of magnification is now applied
to the BBH source population for illustrative choices of mass function and event rate evolution.
Irrespective of the details we see in Figures 1 and 2 that some proportion of lensed events is in-
evitable at higher chirp mass, with the most magnified events misattributed to the smallest inferred
distances. A mildly log-normal mass function matches the data well, as shown in Figure 1 (left),
motivated by the Galactic mass distribution, centered on ' 8M, with a modest dispersion in
the log of ∆ logMChirp = 1.5M (Figure 3), and normalized at the lower end of published esti-
mates of ' 10 events/yr/Gpc3 (Figure 3), reflecting just the two low chirp mass events, for self
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consistency, as these have masses falling squarely within the mass function used here. We can
understand the observed trend of increasing chirp mass with decreasing distance follows from a
generally increasing trend of magnification with increasing redshift, as seen in Figure 1 (right),
with redshift in the range 0.5 < z < 3.0 and intrinsic chirp masses reduced by (1 + z). For this
solution the two low mass events are well centered within the predicted distribution of unlensed
events, as shown in Figure 1 (left). Relatively steeper evolution (Figure 3) helps enhance the pro-
portion of lensed events to match the data and the redshift separation between the unlensed and
lensed events produces a central ”gap” in the the chirp mass distribution. This evolution is more in
line with binary star coalescence, which is predicted to decline by nearly two orders of magnitude
since z ' 2− 3, favouring sub-solar metallicity8 and for which BBH formation is predicted to be
relatively efficient9.
For narrower choices of intrinsic mass functions (Figure 3), using a Gaussian with σ =
1.5M or a delta function centered at 8M (Figure 3), the predicted lensed sources fall short of
the two most massive LIGO/Virgo events, as shown in Figure 2 (left & center), indicating we
need a modest tail of high mass events, as in Figure 1, or perhaps black holes masses that were
somewhat higher at z > 1 than today. This interesting possibility of mass evolution can be tested
in a model independent way with more detections, because the lensing predictions can be based
directly on the observed distribution of low chirp mass events.The lowest proportion of lensed
events is produced by a broad log-normal mass function, Figure 2 (right), as then unlensed events
dominate because the relatively massive tail is detectable to greater depth, and so lensed events
become a small proportion, confirming earlier work based on relatively shallow power-law mass
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function23, 32. But this solution over produces low chirp mass events with a distribution quite unlike
the current data, which has relatively few low mass events, Figure 2 (right).
At high magnifications, multiply lensed events are expected with time delays of hours-week
particularly for events with Mchirp > 15M where lensing appears to dominate. The most mag-
nified sources near the cusp of a lensing caustic will lie predominantly in the relatively large area
outside caustic cusps, resulting in a pair of images with a large magnification ratio26 where the
weaker event appears last due to the longer time delay through the center of the potential34 and
may suffer a distinguishing phase shift33, but generally will fall well below the current detection
threshold. Detectable repeated events are currently restricted to those of similar strength, within
a factor of two in magnification, as currently the detections span only a factor of two in signal-
to-noise. This includes image pairs closely straddling the critical curve, with very similar high
magnifications, where a time delay of a few hours can be expected. The most overhead event will
provide the strongest detection, with the other event usually below the detection limit, as the detec-
tors are revolved by Earths rotation away from the overhead position, falling to zero at the horizon.
Such events may be recovered from the data stream at lower SNR and should be found more easily
with additional interferometers, covering a wider longitude range with more uniform sensitivity.
In conclusion, it would be surprising if the strain limited detections from LIGO/Virgo did not
contain a significant proportion of highly gravitationally lensed events from higher redshifts, be-
yond the nominal unlensed detection volume. If the source of BBH has a similar mass distribution
to the Galactic binary BHs, then these highly lensed events would show up as having apparently
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higher masses because of the cosmological redshift of the chirp to lower frequency. If the parent
BH mass distribution is narrow and there is strong evolution of such binaries, then half the detected
events might be the result of strong magnification from higher redshift. This is what we claim is
most consistent with the observed LIGO/Virgo events detected thus far. We can predict then that
future observations will see a similar distribution and that it is possible that at some point two
images of the same event might be detected as more detectors come on line. We also predict that a
reduction in low frequency detector noise will result in the detection of events with very high chirp
masses, up to ' 50M, corresponding to lensed sources in the high mass tail, Mchirp > 10M
with z > 2.
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Methods
In this section we describe the calculations made to compute the probability of lensing and the
MonteCarlo simulation of gravitationally lensed GW.
Estimating the lensing probability: For the gravitational lenses, we assume the mass function
for haloes of 35. This mass function is derived from a suite of N-body simulations at different
resolutions including the JUBILEE simulation 36, one of the largest N-body simulations ever made
with ≈ 630 Gpc3 volume (for h = 0.7). The mass function covers a wide mass range and im-
proves on other popular mass functions in the high end of the mass owing to the uniquely large
volume of JUBILEE. For the computation of the lensing probability we restrict ourselves to haloes
between 1012M and 3 × 1015M which is the relevant mass range contributing to the lensing
probability, specially for large magnification factors (see Figure 4 in 30 for instance). For a given
halo, we assume an elliptical NFW profile with ellipticity e = 0.2, virial radius scaling as M1/3vir
and concentration given by the model in 37. Through inverse ray tracing we compute the lensing
probability (in the source plane) for different combinations of the redshift of the lens and redshift
of the source, p(> µ, zs, zl,Ml). This computation is repeated for different halo masses, halo red-
shift and source redshift. The global probability of lensing of a source at redshift zs is computed
after integrating the lensing probabilities of all individual haloes in the mass range considered and
up to the redshift of the source.
P (> µ, zs) =
∫ zmax
0
dV (zl)dzl
∫ M2
M1
dMl
dN
dMdz
p(> µ, zs, zl,Ml) (3)
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where dN/dMdz is the halo mass function and dV (zl) is the volume element at redshift zl. We set
a maximum redshift for the lenses of zmax = 2. As discussed earlier, we set M1 and M2 to 1012
and 3× 1015 solar masses respectively. The main contribution to the probability is obtained below
redshift zl = 1 and declines sharply beyond zl = 1 with negligible contributions beyond zl = 2.
Figure 4 shows the probability of having a background source at zs = 2 magnified by a factor
larger than µ. The dotted line shows a model falling like µ−2 which is the expected behaviour
of the lensing probability near a fold caustic at high magnification factors. Beyond µ ≈ 80 the
lensing probability follows closely this theoretical model. The apparent plateau in the probability
at intermediate magnifications (µ ≈ 20 − −60) is present in all the individual haloes that are
supercritical and emerges from the discontinuity in the magnification between the interior and
exterior sides of the caustic region.
From Fig. 4, at µ > 100 the probability is ≈ 3× 10−7. A redshift slice between z = 1.8 and
z = 2.2 contains approximately 200 Gpc3. If at z ∼ 2 the rate is≈ 3× 104 events per year and per
Gpc3 (see Fig. 3), the redshift slice 1.8 < z < 2.2 will contain ≈ 6× 106 events per year. That is,
we would expect ≈ 2 events per year with magnification larger than 100 from that redshift slice.
If instead one considers a much more conservative rate at z ∼ 2 of ≈ 103 merging events per year,
per Gpc3, then we would expect 1 lensed event per ≈ 15 year interval with µ > 100 and between
z = 1.8 and z = 2.2.
In general, since the probability of having µ > 1 is significantly smaller than 1, the fraction
of events that are lensed at a given redshift is much smaller than the number of events that are not
lensed at the same redshift. However, since through large magnifications we can access a much
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larger volume, this reduction in the probability is in part compensated by the increase in volume.
If in addition, the intrinsic rate of events at higher redshift is larger, this boosts the probability of
observing a lensed event.
Estimating rates. MonteCarlo simulation: Given a rate for events at a redshift zs and a distribu-
tion function for the intrinsic chirp masses (see Fig. 3), we compute the number of events at zs that
would be observed above the detection limit of LIGO. We set a conservative limit of SNR > 10
above which most LIGO events should have been detected. The number of observed events de-
pends significantly on the distribution of geometric factors, Θ, (see Eq. 2) for which we follow 22
and use
P (Θ) =
5Θ(4−Θ)3
256
(4)
where Θ takes values between 0 and 4. The number of observed and not lensed events (i.e assuming
µ = 1) is computed after integrating the mass function of BBH, the rate density of mergers and the
geometric term P (Θ) under the assumption that there is no lensing (i.e with µ = 1) and with the
condition that only those events with SNR > 10 are observed. Similarly, to compute the number
of lensed events we follow a similar procedure but the SNR is modified by the factor
√
µ > 1
appearing in Eq. 2. Thanks to the amplifying power of µ, more distant events can make it above
the detection threshold provided µ is large enough to compensate the larger distance dL.
Once we have computed the number of observed lensed and not lensed events we produce
realizations (through Monte Carlo) of these events. First we assign an intrinsic chirp mass and
redshift to each event following the probability of having a lensed or not-lensed event for a given
combination of (Mc,int, zint). Then we assign to each event a magnification, µ (for the lensed
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events only) and a geometric factor Θ following the probability distributions of µ and Θ. Since
only events that exceed the detection limit can be observed, both µ and Θ determine which events
are observable. The role of Θ is particularly important at high magnification where a double event
is expected to be separated by a time delay of∼ several hours. Since Θ is largely determined by the
relative orientation between the detectors and the line of sight, a separation of a few hours between
two identical events originating in the same position in the sky can have significantly different Θ
values so one event may be above the detection limit while the other one falls below. Most of
the observed lensed events will have large magnification factors of order 100 or more. Most of
these events will correspond to sources near a fold caustic for which a double image is expected.
For perfectly smooth caustics, the magnification of the two images would be nearly identical. In
the presence of microlensing or disruptions to the caustic by susbstructure, the magnifcations of
the two images may differ. Microlensing of GW is very small (see however38) and only when
the mass of the microlenses is several thousand solar masses, can substructure induce significant
differences between the magnifications (and relative time delay) of the double images. In this work
we neglect the role of substructure or microlensing and we assign the same magnification to both
events. Hence, only the difference in Θ determines whether one event is observed while the other
one is not.
To assign a distance to a given event we assume Θ = 2 which is a reasonable value for Θ
given the observational bias that events with larger Θ are more likely to be observed but, on the
other hand, large values of Θ are unlikely. Each simulated event has an associated uncertainty in
the distance that is comparable with the uncertainties of the six observed events and that reflects
18
our partial knowledge of Θ. Also, for the lensed events, we estimate their inferred distance which
is obtained after assuming the event is interpreted as not being lensed, that is, with µ = 1. In
this case, an event taking place at a redshift zintr and with magnification µ will be interpreted as
an event taking place at a smaller redshift z such that DL(z) = DL(zintr)/
√
µ. If the event had
intrinsic chirp massMc,intr its observed mass isMobs = Mc,intr(1+zintr) but if it is not interpreted
as a lensed event, its intrinsic chirp mass will be erroneously estimated as beingMobs/(1+z). That
is, it will be biased high by a factor (1 + zintr)/(1 + z).
The distribution of inferred intrinsic chirp masses is then sensitive to the presence or not
of lensing. Lensing increases the fraction of events with high inferred chirp masses as shown in
Fig. 4 where we compare the model with Log Normal 1 mass function (see Fig. 3, right panel)
plus alternative evolution model (having significant lensing events) with the model where lensing
events are rare (broader mass function (Log Normal 2) and a modest evolution model or SFR curve
in the left panel of Fig. 3). The two data points are obtained after binning the six observed events
in two bins. Clearly, the data favors a very shallow mass function with a very extended tail towards
higher masses. Lensing can provide such tail if the rate of events at z ∼ 1–2 is sufficiently high.
19
  
Figure 1: The observed plane of distance and chirp mass: The six BBH data points with in-
ferred distances and chirp masses and uncertainties reported by the LIGO/Virgo team5. Our pre-
dictions for 10 years are shown with unlensed events (open circles) and lensed events coloured by
magnification, using a log-normal mass function based on the stellar black holes in our Galaxy,
5 < M < 15 (Log-Normal 1 in Figure 3). The triangle shows a double event (second counter-
image) with similar magnification but different geometric factor. Only one event in this simulation
had both counterimages with the right visibility configuration to be observed. The redshifts and
intrinsic chirp masses of these magnified events reach z ' 2.5 (right), with evolution as in Fig-
ure 3 (Modified SFR) normalised to the lower end of LIGO/Virgo estimates. These lensed events
are compared with the data by multiplying the chirp masses by (1 + z) and dividing the dis-
tances by
√
µ, as if they were unlensed. The higher chirp mass events appear to define a locus in
this plane, of generally increasing magnification with increasing redshift. The predicted unlensed
events account well for the location of the two low chirp mass events, but clearly do not reach the
highest chirp masses, illustrating the difficulty of accounting for the high chirp masses observed
with stellar-mass black holes, without considering lensing.
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Figure 2: Other models of interest: We also simulate a purely Gaussian (left) and a monochro-
matic mass function of 8.5M (middle). As before, triangles show the second counterimage of
the same event for those events for which both counterimages would have been detected. For both
cases the lensed events fall short of the highest chirp mass events, indicating that a tail of higher
black hole masses is preferred, as in Figure 1. On the right, we try to account for the high chirp
mass events by drawing the unlensed events from a broader intrinsic mass function (shown in Fig-
ure 3, labelled Log-Normal 2) extending beyond 20M, and we adopt a normalisation at the high
end of the LIGO/Virgo estimates to boost the detection rate of massive unlensed events to help
match the data (SFR dashed curve in left panel of Figure 3). This case produces a much smaller
proportion of lensed events than the other cases presented (significantly less than one lensed event
per year on average). The clear problem here is that within only one year there are far too many
events predicted of relatively low chirp mass compared to the data, at odds with distinctive distri-
bution of the data points in this plane.
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Figure 3: The explored range of BBH event rate evolution and intrinsic chirp mass functions:
On the left we show evolution proportional to the integrated star formation rate (dashed curve)
and normalised to the high end of the LIGO/Virgo estimated event rate used in Figure 2 (right).
The more steeply declining evolution (solid curve), is preferred by the solution in Figure 1, which
is normalised to the lower end of the LIGO/Virgo estimate. On the right, the Gaussian and log-
normal mass distributions (see legend) are chosen to be consistent with the known mass range
of black hole orbiting stars in our Galaxy. The broader log-normal mass function is used to try
account for the higher chirp mass events in the case of minimal lensing shown in Figure 2 (right).
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Figure 4: Optical depth for a source at zs = 2. The solid line shows the optical depth for a source
at zs = 2 and for all lenses with z < 2. At magnifications larger than≈ 80 the probability of having
magnification larger than µ follows the µ−2 law (dotted line), as expected for fold caustics.
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Figure 5: Probability of inferred chirp masses. The black solid line shows the distribution of
observed masses for the proposed model (Log-Normal 1 mass function and alternative evolution
model). The lensed and not-lensed events are shown with a dashed and dotted line respectively
(the dotted line would correspond to the Log-Normal 1 model without lensing). The color curve
is for the model that assumes the Log-Normal2 mass function and the SFR evolution model. In
this case, the fraction of lensed events is negligible. The two data points represent the six observed
events in the bins 5− 25M (4 events) and 25− 45M (2 events).
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